
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



NOTE ON A CLASS OF INTEGRAL EQUATIONS OF THE 

SECOND KIND. 

By Clyde E. Love. 

§ 1. Introduction. The object of the present paper is to develop the 
elementary theory of the singular integral equation 

(1) <p(x) = f(x) + X f K(x, t)<p(t)dt, 

where <p{x) is the unknown function, under the following assumptions: 
The function K(x, t) is bounded and integrable in the square 

h: a g x g b, a ^t ^b, 

where b is arbitrary, and is continuous in the region 

I: x ^ a, t S a, 

or if discontinuous has only a finite number of discontinuities for any one 
value of x or of t; the function /(x) is continuous in the interval 

7: x ^ a; 

the functions f(x) and K(x, t) may be written in the respective forms 

f(x) = fi(x)/ar, 

Kix, t) = Kiix, t)!^, 

where fix) and Kix, t) are bounded in I and in T respectively, and where 
a and /8 are real constants such that a + /3 > 1. 

The singular integral equation has been studied by Weyl* and Hobsonf 
under hypotheses differing but slightly from those assumed above. While 
the results of the present note thus possess only a modicum of novelty, 
it is felt that the case here treated is of some interest because, as will 
presently appear, it can be solved by a direct extension of the method of 
Fredholm. 

In what follows we shall assume a > 0. This restriction involves no 
loss of generality, since it may be removed by a mere translation of axes. 

It will be convenient to put a + /3 =• y + 1, whence y > 0. 

* Math. Ann., Vol. 66 (1909), pp. 273-324. 

t Proceedings of the London Math. Soc, Vol. 13 (1913), pp. 307-340. 
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§ 2. Functions of the class K. For brevity we shall say that, if a func- 
tion satisfies all the conditions imposed above upon K(x, t), that function 
belongs to the class K. We begin by noting certain properties of these 
functions. 

First, if K m {x, t) is a function of the class K, the integral 

/»0O 

\K™(x,x)\dx 

J a 

exists. For, the integral 

f K™(x, x)dx 

has a meaning for all values of b > a. Let M (1) denote the maximum 
value of \K\ m {x, t)\ in the region T. Then, corresponding to every 
positive value of e we can find a value of § such that 

jT \KV{x, x)\dx< M™ f''^ < ^ < e, 

for all values of §' > £. 

Further, if K (2) (x, t) is a second function of the class K, the integral 



2T(x, = C K<-»(x, s)K™(s, t)ds 



converges absolutely for all values of x and t in the region T, represents 
a continuous function of x and t in T, and itself belongs to the class K. 

To prove the first of these statements, we note that, the point (x, t) 
being any fixed point in T, the integral 

K™(x, s)K™(s, t)ds 



f 



exists by hypothesis, and that to every e there corresponds a £ such that 

JJfWJIfO) l 






< 6. 



We shall prove the continuity of i£(x, directly, by showing that to 
every positive e there corresponds an 17 such that 

(2) \K(x',t')-K{x,t)\ <e 
whenever 

(3) \x -x'\ < v , \t - t'\ < 77. 
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Having fixed e, let us choose a number b satisfying the conditions 

b > x, b > t, 

Writing K(x, t) in the form 

K(x, t) = f £■<»(», 8)Z<*>(«, <)ds + (* K.v>{x, s)K™(s, t)ds, 

Ja "b 

we see that 

|Z(x', O -K(x,t)\ Sli + h, 
where 

Zi = I C{K™{x', 8)K<*>(8, O - K<»(x, s)KV(s, t))ds , 

2 ~I L x'Y" + ** J** 1 ' 

Now it is well known* that the integral 

Ckv>(x, s)K™(s, t)ds 

Ja 

represents a continuous function of x and t in the region T b ; it follows 
at once that by suitable choice of ?? we may make 

7i < e/2 

for all values of x' and t' lying in T b and satisfying the inequalities (3). 
As regards 7 2 , we have 

by virtue of (4). Hence, if we place upon rj the additional restrictions 

?? = 6 — x, ri = b — t, 

which is of course allowable, the relation (2) is established. 
Finally, we note that 

, = ^ 3ffl>Jf<» r ds__ M™M™ 

\*-\P,t)\ = ,+p J^ s v+i~ art»7rf» ' 
whence we may write _ 

K(x, t) = Ki(x, t)lxrf, 

where Ki(x, t) is bounded in T. This completes the proof that K(x, t) 
belongs to the class K. 

* Cf. Heywood et Fr^chet, L'6quation de Fredholm, p. 6. 



^ MWM(i) [^+ih]£ ^<^S : <I> 
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§ 3. The method of Fredholm. Let us put 

R /*i, *„ • • •, x n \ = ^ ^ i}j==1)2 ,...,n 

\ *1, H, ' ' ' , In J 

„ / X\, Xi, • • • , X n \ 

\ t\, tj, • • • , t n J 

~ (X1X2 • • • XnYihU. ■■• tn) $ ' 

where 

K fxi, x 2 , ••■> X A = lKl(Xi> tj) () i} y = 1, 2 , • • -, n; 

\ li, 12, • ■ • , In / 

also put 

(5) D(x,t,\) =T,u n (x,t,}s.), 

(6) D(\) =£u n (\), 

»=0 

where 

Uo(x, t, X) = K{x, t), 

(n - 1, 2, • • •) 
«o(X) = 1> 



m, 



(n- 1,2, ...)• 



The convergence of the iterated integrals u„(x, t, X), «„(X) follows 
directly from the results of § 2. Further, denoting by M the maximum 
value of \Ki(x, t) | in T, we have by Hadamard's theorem 



K (xi, •••> X A\ > v^jf™, 

\xi, •■■,x n )\ 



whence it follows very readily that series (6), and similarly (5), converges 
absolutely for all values of X. 

Thus in the present instance, just as in the case of the regular equation, 
the characteristic constants, or zeros of D(X), are isolated, and are deter- 
mined by K(x, t) alone. The " resolvent kernel " 

(7) K(x, t, X) = D(x, t, X)/Z>(X) 

is a meromorphic function of X, and is defined as a function of x and t 
except when X is a characteristic constant. 
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In what follows we confine our attention to the case where X is not a 
characteristic constant. 

§ 4. Properties of the resolvent kernel. It is easily seen that the func- 
tion K{x, t, X) belongs to the class K. For, it follows directly from the 
convergence of series (5) that we may write 

(8) K(x, t, X) = Kiix, t, \)/xH* 

where Ki(x, t, X) is bounded in T. Further, the determinant 

_. / X, Xi, • • • , x n \ 
\ t,x 1} ••-,x n ) 

may evidently be written in the form 

I X, Xi, • • • , X n \ „ , . ( Xi, • • • , X n \ f X, X\, • • • , x„ \ 

K \ t, x u ■■;xj- K (*> » K { Xl , ■ ■ -, xj + A \t, » u ■ ■ -, xj> 
where 



/ X, X\, • • • , x n \ _ 
\ *> 3?1, * * * , •£» / 



K(x, x^ 

K(x u t)K(x u xi) 



K(X, X n ) 

K(x h x n ) 



K{x n , t)K(x n , »i) • • • K(Xn, Xi) 



Substituting in (5), we get 

(9) D(x, t, X) = D(X)K(x, t) + R(x, t, X), 

where 

do, S( *, ( ,x)=£t»-"X" -f A (tS: :-:*)*■ •••"*• 

It follows from § 2 that each term of the series (10) is a continuous func- 
tion of x and t, and it is readily seen that the series converges uniformly for 
all values of x and t in T; hence R(x, t, X) is continuous in T. By (9), 

K(x, t, X) = K(x, t) + R(x, t, X)/Z>(X). 

Since K(x, t, X) is equal to the sum of K(x, t) and a continuous function, 
and has the form (8), it belongs to the class K. 

It is now easy to establish the following fundamental formula: 



(ID 



K(x, t, X) - K(x, t) = \C K{x, s)K{s, t, \)ds 
= X C K{x, s, \)K(s, t)ds. 

Ja 
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(X Xi * • • X \ 
,' ' ' n )by minors of 
t, X\, • • •, x n j 

the first row, we may write* 

J a J a \ *> %l) ' ' ' } %n / 

= -n f° ■■■ f° C K(x, s)K(s, t)K ( Xu '"' * B_1 ) dsda^ • • • dx n ^ 

- n f ... f r K (x, s)A ( S ! I 1 ' * ' "' Xn ~ 1 )dsdx 1 ■ ■ ■ dx n -L 

Hence 

R(x, t, X) = Ri + Ri, 
where 

* - \l^f -f !"*<*• w- o k G: :::;t:)*^ 

• * -dXn-l 

= X-D(X) I K(x, s)K(s, t)ds, 
and 

* - x £^f-f f K <*' s) <t; :::;t:)* & -' fc "- 

Let us set 

a» - ^T-'f ■ • • r«* s)A (?: *:: : : • £)*■ • • • **-• 

and apply the following theorem :f 

CO 

If the series Z f n (s) converges uniformly in any fixed interval (a, 6), 

n=l 

while the series 

00 /»« 

SJL /n( * )ds 

converges uniformly in an infinite interval $ ^ a, then we may write 

00 /»00 /»00 00 

Z /.(«)* = Zfn(.s)d8. 

n=l «/a v n=l 

In the present instance, we have by Hadamard's theorem 

,, . >■ |X[" VnMf n+ 1 f" f (to x •••<fcc- 1 

l/»W I < ( n _ !) i • ^ s v+i J o ■ ■ ' J. ( Xl . . . a^)*- 1 

_ |X|" ■Vn"Af" +1 1 

= (n - 1) ! ' rt'o 1 * 1 ' 7 »- 1 a("- 1 > 1 ' ' 



* Cf. Heywood et Frechet, loc. cit., p. 55. 
t Bromwich, Infinite Series, p. 455. 
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go 

whence the series 2 /»($) converges uniformly for all values of s ^ a. 

n=l 

Further, we have 

IX I" Vn^ilf B+1 1 



I f n (s)ds 



< 



(n — 1) ! ' x a ^ ' 7 n a" Y ' 



so that the second condition of the theorem is satisfied. Therefore we 
may write 

*>-f*<*4l^;r-T*C;:::::::t:)-- 

• ■ • dz n _i ds 

= X I K(x, s)R(s, t, X)ds, 
or, combining (12) and (13), 

R(x, t, X) = XD(X) f X(«, s)ii:(s, f)rfs + X f K(x, s)R(s, t, \)ds. 
Substituting for R(x, t y X) its value from (9), we get 

Xoo 
K(x, s)D(s, t, X)ds, 

or, dividing by Z>(X), 

K(x, s)K(s, t, X)ds. 

Expanding A I ' ' ' " ) by minors of the first column and pro- 
ceeding similarly, we obtain the- second desired formula, 

K(x, t, X) - K(x, t) = X f K(x, s, X)K(s, t)ds. 

Ja 

§ 5. The fundamental theorem. We are now in position to prove the 
following 

Theoeem: If the functions K(x, t) andf(x) satisfy the conditions of § 1, 
and if X is not a characteristic constant, the equation 

K{x, t)<p{t)dt 

a 

has a unique continuous solution given bu the formula 

<p(x) = f(x) + X C K{x, t, \)f{t)dt, 

Ja 
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where K(x, t, X) is a meromorphic function of X defined by equations (5), 
(6), (7). This solution may be written in the form 

(14) <p{x) = <pi(x)/x% 

where <pi(x) is bounded in the interval x S a. 

First, assume that a solution of the form (14) exists.* Then 

<p(t) =f(t) + X fK(t, tJrttddtu 

Ja 

Multiplying by K (x, t, X) and integrating from t = a to t = =° , we find 

/%eo /»« /»oo /»» 

I K(x,t,X)<p(t)dt= K(x,t,X)f(t)dt+'K I I K{x,t,\)K{t.h)<p{h)dhdt; 

it is easily shown that all the integrals here occurring exist. By means 
of (11)', this equation is transformed into 

f K(x, t, X)<p(i)dt = f K(x, t, \)f(t)dt + f [K(x, t, X) - K(x, t)]<p(t)dt, 

*Ja *J a *J a 

whence 

f K(x, t, \)f(t)dt = f K(x, t)<p{t)dt. 

Substituting in (1) we get 

(15) <p{x) = f{x) + X f K{x, t, \)f{t)dt. 

Ja 

It is evident at once that the function <p(x) defined by (15) may be 
written in the form (14). For, let M x and M 2 denote the maximum values 
of \Ki(x, t, X) | and \f\{x) \ respectively. Then 

To see that the assumed solution exists, let us consider (15) as an 
integral equation in f(x). The above argument, when applied to this 
equation, shows that the solution f(x) is given by the formula 

/»» 
f{x) = <p(x) - X 1 K{x, t)<p(t)dt, 

Ja 

so that <p{x) as given by (15) is a solution of (1). 

Finally, assume that a second solution <pi(x) exists, so that 

(16) <p!(x) = /Or) + X C K{x, t)^{t)dt. 

Ja 
* Cf. Heywood et Frgchet, loc. cit., p. 40. 
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Eliminating /(x) between (15) and (16), we find 

<p(x)-<p 1 (x) = \f Vl {t)\K{x,t,\)-K{x,t)-\j K{x,s,\)K{s,t)ds\dt, 

or, by (11), 

<p(x) - <pi{x) = 0. 

This completes the proof of the theorem. 

University op Michigan. 



